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Abstract

Existence of traveling wave front solutions is established for diffusivecamperative
Lotka—\Volterra system with delays. The result is an extension of an existing result for
delayed logistic scaler equation to systems, and is somewhat parallel to the existing
result for diffusive andcompetitivel otka—\Volterra systemsithout delay The approach
used in this paper is the upper—lower solution technique and the monotone iteration
recently developed by Wu and Zou (J. Dynam. Differential Equations 13 (2001) 651-687)
for delayed reaction—diffusion systems without the so-called quasimonotoric2902
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1. Introduction

It is well known that the Fisher—KPP equation

u(x,1) _D82u(x,t)

o 0x2 —i—ru(x,t)[l—au(x,t)] (1.2)

allows traveling wave front solutions with speed> 2v/Dr, andc* = 2/ Dr
is the minimal wave speed. See Fisher [2], Kolmogorov et al. [5], Fife [1] and
Murray [8]. For a proof of this result, one can take advantage of the fact that
(1.1) is a scaler equation and thus the corresponding wave equation is a second-
order ordinary differential equation for which the phase plane technique can be
applied.

Although (1.1) was initially proposed by Fisher [2] to model the advance of
a favourable gene in an infinite one-dimensional habitat in which the process
of natural selection and random spatial migration were evident, this equation
also applies to single species dynamic models with logistic growth and spatial
diffusion. In the case there are more than one species, one may use (1.1) as
the basic model, but incorporate the interaction between species to obtain the
so-called Lotka—\olterra type diffusive model. The interaction can be either
competitive or cooperative. Existence of traveling wave fronts of diffusive
systems wittcompetitiventeractions have been considered by Tang and Fife [11]
(for two species case) and by van Vuuren [14] (for genergpecies case), and
their main results show that a coupled system of competitive type also admits
traveling wave fronts with speed larger than the maximum of all the minimal
wave speeds for the uncoupled reaction—diffusion scaler equations. To make this
more precise, let us consider the following competitive system:

2
duel) — py 2D 4 pqug (x, D[ — agua(x, 1) — baua(x, 1),
x (1.2)

2
Q) = PTGl t rjup(x, )1 — baus(x, 1) — agua(x, 1),

where all parameters are nonnegative constants. By Tang and Fife [11] and van
Vuuren [14], (1.2) has traveling wave fronts with speedf and only if ¢ >

2max./D1r2, /Dor>}.

One may naturally ask if a similar conclusion holds for theperativesystem

2
daet) = py &GO 4 pyug (x, [ — agua(x, 1) + bua(x, 1),

(1.3)

2
Wz — pp2Gl) 4 rpup(x, )1+ baua(x, 1) — azua(x, 1)].

The aim of this paper is to answer this question. Indeed, we will go beyond (1.3)
by incorporating time delay into (1.3) and consider the following delayed coop-
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erative and diffusive system:

2
MR = D TG0 g (x, 1)

X [1—aiu1(x,t — 11) + b1ua(x,t — 12)], (1.4)

dua(x,t 82un(x,t
“2l) — p, “;x(; Lt roup(x, 1)

x [1+boui(x,t — 13) — azua(x, t — 14)],

wherer; > 0,a; >0,b; >0,i =1,2,7; >0, j =1,2,3,4. Justifications for
incorporating delays into a model can be found, e.g., in Hale and Lunel [4],
Kuang [6] and Wu [12].

Note that in their proofs of the main results in Tang and Fife [11] and van
Vuuren [14], the competitive property of the systems plays an important role.
Thus, their methods cannot be, at least directly if not impossible, applied to the
cooperative system (1.3), let alone (1.4) which is infinite dimensional. Thus, we
will seek alternative approach to tackle this problem. More precisely, we will
use the technique recently developed by Wu and Zou [13] to handle this class of
systems.

Whenb1 = by = 0, (1.4) is decoupled into two delayed logistic scaler equa-
tions of the form

Bu(x,t)_ 82u(x,t)
ar 9x2

+ru(x,t)[l—au(x,t—t)]. (1.5)

It is shown in Wu and Zou [13] that for every> 2/ Dr there exists a, > 0

such fort < 7. Eq. (1.5) has a traveling wave front with speedy using the
same technique, Gourley [3] has established a similar result for the diffusive delay
equation

du(x,1) :DE)zu(x,t)
ot 9x2

_’_ru(x’t)(l—au(x,t—r))’

14+ bu(x,t—1) (1.6)

which includes (1.5) as a special case, and which can be used to model the growth
of the population oDaphnia magngsee Smith [9] and Gourley [3]). We will see

in this paper that such a result can be extended to the cooperative system (1.4)
by using this technique as well. Note that this technique has also been recently
used by So and Zou [10] to the diffusive Nicholson’s blowflies equation with
delay, and by Wu and Zou [13] and Ma [7] to the Belousov—Zhabotinskii reaction
model with delay.

This paper is organized as follows. In Section 2, we will introduce some
notations and terminology, and present one of the main theorems from Wu and
Zou [13] that will be employed in this paper. Section 3 is devoted to establishing
the existence of traveling wave front solution of (1.4).



458 J. Huang, X. Zou / J. Math. Anal. Appl. 271 (2002) 455-466

2. Preliminaries

Consider the following system of reaction—diffusion with time delay:

2

a”g[’x) _p? L;itéx) + £ (), 2.1)
wherer > 0,x € R, u € R", D =diagD1,...,D,) with D; >0,i =1,...,n,
f:C(-z,0]; R") — R" is continuous, and,(x) is an element inC([—z, O];
R") — R" parameterized by € R and given by

u;(x)(s)=u(+s,x), se[—-r1,0],t>0, xeR.

A traveling wave solution of (2.1) is a solution of the foutr, x) = ¢ (x + ct),
where¢ € C"(R, R") andc > 0 is a constant corresponding to the wave speed.
Substitutingu(z, x) = ¢ (x + ct) into (2.1) and denoting + ¢t still by 7, we get

D@"(t) — c¢'(t) + fe(¢) =0, 1€R, (2.2)
wheref.: X, = C([—ct,0]; R") — R" is defined by

fe() = f(Y©), Ye(s) =y (cs), sel[-t,0l

If for somec > 0 (2.2) has a monotone (componentwise) solution define@t on
such that

Aim o) =u-, Jim (1) = uy (2.3)

exist, thenu(r, x) = ¢ (x +ct) is called a wave front of (2.1) with speedwithout

loss of generality, we assume. = 0, uy = K, and seek for traveling wave
front solutions connecting these two equilibria. In order to tackle the existence of
traveling wave solution, we assume that the followielgxedquasimonotonicity
condition:

(QM*) There exists a matri¥ = diag(B1, ..., B2) with g; > 0,i =1,...,n,
such that
fe(@®) — fe() + B[#(0) —¥(0)] >0

for ¢, v € X, with (i) 0 < ¥ (s) < ¢(s) < K for s € [—ct, 0], (ii) e* x
[¢(s) — ¥ (s)] nondecreasing in € [—ct, 0].

Here and in the sequel, an inequalityRfi always corresponds to the standard
componentwise partial ordering R"*. We look for wave front solutions of (2.1)
in the following profile set:

(i) ¢ is nondeceasing iR,
(i) im;— —oo @) =0, lIM; 00 ¢ (1) = K,
(i) eP [p(t +5) — ¢ (1)] is nondeceasing in '
t € R for everys > 0.

r*=1¢eC(R, R?;
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Next we define upper and lower solutions for (2.1):

Definition 2.1. A continuous functionp : R — R? is called an upper solution of
(2.2) if ¢’ and¢” exist almost everywhere iR and they are essentially bounded
on R, and if the following inequality holds:

D" (t) —cd'(t) + fo(¢;) <0, a.e.ink. (2.4)

A lower solution of (2.2) is defined in a similar way by reversing the inequality
in (2.4).

Now we are in the position to state Theorerf*in Wu and Zou [13].

Theorem 2.1. Assume thatQM*) holds and thatf (0) = f(K) =0with0 < K.
Suppose that2.1) has an upper solutiog(s) in I"* and a lower solutionp
(which is not necessarily if'*) satisfying

(H1) 0<¢(1) <o) <K,1€R;

(H2) ¢(t) #0in R, and there is on other equilibrium @2.1) in [4, K], where
§=(81,.... 80" withs; =supp i (), i=1,....n;

(H3) eP'[¢(1) — ¢(1)] is nondecreasing itR.

Then,(2.2)—(2.3) with¢c > 1 —min{g; D;; i =1, ..., n} have a solution in"*,
That is, (2.1) has a traveling wave front with speed> 1 — min{8;D;; i =
1,...,n}.

Note that, if (QM) is satisfied, we can always chogge> 0 sufficiently large
suche >1—min{B;D;;i =1, ...,n}. So, in the remainder of this paper, we will
ignore this condition assuming (Q¥

3. Existence of traveling wave front solution

Assume thati1ap — boby > 0. Then (1.4) has four equilibrium point€, 0),
(1/az1,0), (0, 1/a2) and(ky, k2), where
b1+ az ay+ bz
k= —"——"—, kp= ———.
aiaz2 — bobq aiaz — bob1
Substitutingu (x, 1) = ¢1(s), v(x,t) = ¢2(s), s = x + ¢t into (1.4), and de-
noting the moving variable still by ¢, the responding wave equation becomes
{ D19 (1) — c¢1(t) + r19p1(D[1 — a1¢1(r — ct1) + b1ga(t — c12)] =0,
D2¢5 () — cpo(t) + raga(t)[L+ bapr(t — ct3) — az¢2(t — ct4)] = 0.
(3.2)
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We will tackle the existence of solutions of (3.1) with the asymptotic boundary
condition

”mtﬁfoo ¢l(t) =0, ”mtﬁoo d’l(t) =k,
{ |imt—>—oo ¢2(Z) =0, |imt—>oo ¢l(t) = ko,
which corresponding traveling wave fronts of (1.4) connecth®) and(k1, k2).
Comparing (3.2) with (2.2), we knowi-(¢) = (f1(¢), f.2(¢))T is defined by
fe1(9) = r1¢1(0)[1 — ar¢1(—ct1) + brga(—cT2)],
fe2(9) = ra¢2(0)[1+ az¢p1(—c13) — baga(—cTa)].
We first show thatf.(¢) satisfies (QM).

(3.2)

Lemma 3.1. For anyc > 0, if t1 andt4 are sufficiently small, thelf. (¢) satisfies
(QM®).

Proof. Let t = maxti, 12, 13, 14}. FOr any¢ = (¢1, ¢2), ¥ = (Y1, ¥2) € X; =
C([—ct,0]; R?) with (i) 0 < ¥ (s) < ¢(s) < K for s € [—ct, 0], (ii) P [¢p(s) —
¥ (s)] nondecreasing in € [—c7,0],i =1, 2, we have
fe1(@) — fea(¥)
=r191(0)[1 — a1¢1(—cT1) + b1gpa(—c12) |
—r1y1(0)[1 — a1 (—ct1) + baa(—c12) |
=r1[¢1(0) — ¥1(0)] — a1r1[¢1(0)p1(—cT1) — Y1(0)Yr1(—cT1)]
+ r1b1[¢1(0)p2(—cT2) — Y1(0)Ya(—c12) |
=r1[¢1(0) — ¥1(0)] — a1r1[¢1(0)p1(—cT1) — P1(0) Y1 (—cT1)
+ ¢1(0)Y1(—ct1) — Y1(0)¢1(—ct1)]
+ r1b1[¢1(0)p2(—cT2) — Y1(0)p2(—c12) 4 Y1(0)Pp2(—cT2)
— Y1(0)Y2(—c12) |
= (r1 — arr1y1(—ct1) 4 ribiga(—c12))[¢1(0) — ¥1(0) ]
— a1r191(0)[¢1(—cT1) — Y1(—ct1)]
+ r1b1y1(0)[p2(—ct2) — Ya(—c12)
> r1[1+4 biga(—ct2) — a1y1(0)eP™ — a i (—ct1) |[92(0) — ¥1(0)]
> r1[1— ark1eP*™ — ark1][¢1(0) — ¥1(0)]
and hence

fe1(@) — fer(¥) + B[ ¢1(0) — ¥1(0)]
> [B1+ r1 — riarky — riaik1e? ™) [¢1(0) — y1(0)].
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Similarly, we have
fe2(9) — fe2(¥) + B2[¢2(0) — ¥2(0)]
> B2+ r2 — roazks — raazkaeP™][¢2(0) — ¥2(0)].
Therefore, if we choose

> 2riaik1 —r1,
= zmena rs 63
then by continuity we know that, fan andz, sufficiently small,
{ B1+ r1— riatki — riatkiePem >0, (3.4)
B2 + ro — roasky — raazkoeP2¢™ > 0.

Hence,f.(¢) = (fe1(9), fe2(¢)) satisfies (QM). This completes the proof.0

Forc > max{2/a1r1 D1k, 2</azroD2ks }, we can introduce the following real
positive numbers:

¢ ++/c?2 —4D1rark1 N ¢ 4+ +v/c?2 — 4Dorrasks
= 5 2= s

2Dq 2D;
_c++/2—AD1r1(1 - arky) s V2 — ADora(1 — asko)
a 2D1 ’ 4= 2D> ’
Fix ¢1 > 0 andgz > 0 such that

{1 A+ Bok1 ki }

Al

A3

g1 <max{ —, ,
ax 261 B1+ 23

oy < max{i, (A2 +,32)k2, ka2 } (3.5)
az 2p2 B2+ Aa
Then, we can chooseg > 0 anday > 0 sufficiently small such that
k1 ko
81<1+a1, 82<1+a2, (3.6)
k1(A1+ B1) ey < ka(h2 + B2) (3.7)
R+a))p1’ R+a)p2’ '
pe—tPL o kP (3.8)
(1+ 201)B1+ A3’ 1+ 202)B2+ Aa’
k1(B1+ A1) ka(B2 + A2)
< gg < ———————, (3.9)
a1(f1+ A3) a2(B2 + As)
Define® (1) = (¢1(2), $2(1)), ¥ (1) = (Y1(t), ¥2(2)) by
pr() = — (eR. o= — 2 reR,

1+ are M’ 1+ ape—tat’
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and
e1e?¥, <0,

£1, t >0,

goeM | 1 <0,

€2, t > 0.

Yi(t) = { Ya(t) = {
Sinceajk1 > 1 andazkz > 1, we have O< g1 < 1/a1 < k1, 0 < g2 < 1/az < k2,
andiz > A1, A4 > A2. We claim thatp1(¢) > ¥1(¢) andga(t) > ¥2(¢). In fact, if
t >0, theng1(t) = k1/(1+ a1) > e1 = ¥1(¢) (by (3.6)). Ifr <0, then

k1 5 k1 — e1e*¥ — ayg1eP3 0!
D—y1(t)=—————— — g1’ =
¢1(1) — Ya (1) 1T age i o 15 age

S ki —e1(l+4+a1)
7 14 aget

Similarly, we can provez(r) > ¥2(t) for t € R. Moreover,g1(¢) andgo(¢) are
nondecreasing ine R since

> 0.

At Aot

kiaqiie™
[1+ age*11]2

koaoAoe™
emeter o
[1+ ape—*2t]2

$1(1) = >0, ()= 0.

Lemma 3.2. If 71 and 74 are sufficiently small, thed (t) = (¢1(2), p2(2)) is a
upper solution 0f3.1).

Proof. Since 0< ¢1(2) < k1 and 0< ¢2(¢) < k2, then we have

D1 (t) — e (1) + r1i¢1(1)[1 — a1d1(t — ct1) + b1ga(t — c12) |
< D1¢7 (1) — ¢y (1) + r1g1(t)[1 — a1¢1(t — c11) + bika]
= D19 (t) — c¢1(t) + arr1d1(t)[k1 — 1t — cT1)].
By some straightforward calculations and usihgkf = cA1 — ria1k1, we get

D1¢}(t) — cdy(t) + arripa(n)[ks — p1(r — cTp)]
klale_)‘lt
[14 are 1 ]3[1 + age—r1li—ct)]

x {a%e‘“’e—)‘l(’_”l) [Dl)\% — A1+ airik]

+ ocle_)‘lt [le% —ch + Men (Zalrlkl — le% — ckl)]
+ [—Dl)\% —ch+ alrlkle)‘lcrl]}

kiope Mt
[1 + ale—xlt]3[1 + ale—kl(t—crl)]

X {aleiklt [Dl)\% —cA1+ M (Zalrlkl — Dl)»% — C)\l)]

+ —Dl)\z —ch1+ alrlkleklcrl
1
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_ kiope Mt
14 e M P[L+ age— )]

X {—Ollef)‘lt [alrlkl + et (2chq — 3a1r1k1)]

— [ZC)Ll —airik1 — alrlkle)‘lctl] }

Note thati; depends on om andcA1 is decreasing since for ary> max2 x
JairiDiki, 2</asroDoks }, since

—2ayrikilc — v/ c? — dayrik1D1]
¢ ++/c? —4dairik1 Dy

Furthermore, linp. +(cA1) = a1rik1 and IimHzm(cz\l) = 2airiky.
Thus, for anyc > max{2./air1Dik1, 2/axroD2ks}, a1riki < ci1 < 2airika
and, therefore,

< 0.

d(/\)
Z (ch) =
dc !

[alrlkl + eMen (2ch1 — 3a1r1k1)] 0= 2ch1 — 2a1r1k1 > 0,

=

[chl —a1rik1 — alrlkle)‘lal]rlzo = 2cA1 — 2a1r1ky > 0.

So, for anyc > max{2./air1D1k1, 2/axro D2k}, by continuity there exists
9(c) > 0 such that when & 7, < 70(c), we have

{ arrikl + e*11[2caq — 3agr1k1] > 0,
2ch — arriky — alrlkle)‘lnl > 0.
This implies
D17 (t) — e (1) + r1ign(1)[1 — a11(r — ct1) + b1gha(t — c12)] <O,
teR.
Similarly, we can verify that whem, is sufficiently small,
Doy (1) — cp(t) + rad2(t) [1+ baop1(t — c13) — azgpa(t — c14)] <O,
teR.

This completes the proof.O
Lemma 3.3. ¥ (1) = (¥1(1), ¥2(¢)) is a lower solution 0{3.1).

Proof. Obviously, 0< ¥1(¢) < g1 and 0< y2(¢) < e2. Hence,
D1y (1) — ey () + riya()[1 — arya(t — et1) + bya(t — c12) |

> D1y (t) — ey (0) + riyi (D[ 1 — aapa(r — c1) |
> D1y (1) — ey (1) + iy ()1 — azeq]
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and
Doy (1) — cyrp(t) + ravra(t)[ 1+ baya(t — ct3) — azyra(t — c14) |
> Doy (1) — c¥a(t) + rava(n)[1 — azea].
If > 0, theny1(¢) = 1, and hence
D1yi (t) — ey (1) + ripa(0)[1 — azer] = riea[1 — azeq] > 0.
If + <0, theny1(r) = e1e*¥ andyr1(t — c11) < €1 < 1/a1 < k1, and thus
D1y (1) — ey () + riyn(D[1 — arya(t — ct1) ]
> e1e"¥ [ D125 — chz + r1(1— aze1)]
> 81e)‘3t[D1)L§ —ciz+r1(1— alkl)] =0.
Therefore, we have
D1y (1) — ey (1) + riya (D[ 1 — arya(t — ct1) + baa(t — ct2)] 20,
teR.
Similarly, we can show that
Doy (1) — crp(t) + r2y2(t)[ 1+ b2y (t — c13) — a2t — c14)] 2 0,
teR,
which means¥ (1) = (y1(t), ¥2(t)) is a lower solution of (3.1). The proof is
completed. O

Lemma 3.4. ¢ [® (1) — ¥ (¢)] is nondecreasing in€ R.

Proof. We first verify thatef1[¢1 (1) — ¥1(1)] is nondecreasing ine R.
(i) If £ > 0, thenyr1(¢) = e1. Direct calculation shows that

d d k
M o0 =]} = - {eﬁlf [71 - 81“

1+ age2a!
eﬁlt ot
= m[ﬁl(kl —¢e1) + (ki1 fr + kroears — 201 fre1)e” "t
. a%é?lﬂle_zht]
Bt

> m[ﬂl(h —e&1) + (kao1f1 + kionrs — 201 B1e1

— a%slﬂl)ef)“lt].

Applying (3.5) and (3.7) to the right hand side of the above inequality, we get

d
E{eﬁlf [¢1(t) — y1(1)]} > O.
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(i) If r <0, theny1(r) = 13, Sincer; < A3, thene*i! > ¢3¢, Straightfor-
ward calculation shows

d

d t
E{eﬁl [61() — v1(D)]} = E{

kleﬁlt

T o 86(/31+)»3)l}
ale

— e1(B1+ A3)e"¥ — 2161(B1 + Az)eI !
— afe1(B1+ rg)eta#]
Bat

> e |
— 2a161(B1+ 13) — £1(BL+ A3)}.

Applying (3.8) and (3.9) to the above inequality, we see
af b
dt | 14+ age=*

ki1 B1 + arhiks — aZe1(B1+ Az) Je M + ki

_ 86(/31+)»3)t} >0.

Therefore P [¢1(1) — Y1(r)] is nondecreasing ine R.
Similarly, ef2 [¢2(1) — ¥2(1)] is nondecreasing in € R. The proof is com-
pleted. O

Finally, infic g1 (1) = infrerpa(t) = 0, SUR g Y1(1) = €1 > O, SUPcg Y2 (1) =
g2 > 0. Therefore f(i) # 0 for u € (0,inf;cg @(1)] U [SURr ¥ (1), K) =
[e1, k1) X [e2, k2).

Now, applying Lemmas 3.1-3.4 and Theorem 2.1 to (3.1)—(3.2), we immedi-
ately obtain the following existence result.

Theorem 3.1. Assumeiiaz — bibz > 0. Then, for every > max{2./a1r1D1k1,
2/ axraD2k2}, (1.4) has a traveling wave front with speedhat connectg0, 0)
and (k1, k2), provided thatr; and z4 are sufficiently small.

Remark 3.1. Due to the cooperative feature, the delays in the interaction channel
(i.e., 2 andz3) play no role in the above existence result.

Remark 3.2. Whenb; = b = 0, system (1.4) is decoupled to (1.5). Note that in
this caseg;k1 =1,i =1, 2, and thus Theorem 3.1 reproduces Theorem 5.1.5 in
Wu and Zou [13].

Remark 3.3. In Tang and Fife [11] and van Vuuren [14], the authors were able to
find the precise minimal wave speed. But due to the presence of the delays, (3.1)
becomes an infinite dimensional system and thus is much hard to analyze than a
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non-delay system which would be finite dimensional. This fact seems to prevent
one from being able to find the minimal speed, at least at the present.

Remark 3.4. In Theorem 3.1, existence of traveling wave fronts is established
by constructing the appropriate upper and lower solutions of (3.1), and by using
Theorem 2.1 which is from Wu and Zou [13]. Actually, Wu and Zou [13] also
developed an iteration scheme which starts with the upper solution and generates
a monotone sequence that converges to a profile function for the traveling wave
front. Such an iteration brings convenience in approximating the wave front, and
finding an appropriate upper solution and lower solution is crucial for the iteration.
For details of such an interaction scheme, see Wu and Zou [13].
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