The Ising model




Ernst Ising

May 10, 1900 in KSIn-May 1 1998 in Peoria (IL)

¥ Student ofwilhelm Lenz in Hamburg@hD 1924.
Thesis vork on linear chains of coupled magne
momentsThis is knaevn as the Ising model.

¥ The namedlsing modelO was coineRimolf
Peierls in his 1936 publicatiddOn Isirg@odel of
ferromagnetismO.

¥ He sunvivedWorld War I but it removed him
from reseach.He learned in 1949 - 25ears aftel
the publication of his model - that his model he
become famous.

¥ Lars Onsager sobd the Ising model (zerbeld)
In two dimensions in 1944,

S. G. Brush, History of the Lenz-Ising Model, RBlod. Phys39, 883-893 (1962)




Ising model

A general Ising model is dePned as
H = —ZH,'S,'—EJ,'_]'S,'S]'— Ejil,j,ksisjsk'F

T L,J T i,]k T

coupling to a bPeld pair interactions 3-body interactions

Ising model in 2D

It has the bllowing general mperties

¥ No phase transition at d=1of T>0

¥ For }4=0 ,phase transition(s)pf | U <"

¥ For d>4,mean beldesults ae exé;é:{

Lower critical dimension isid=1 and the upper critical dimension ig=H.

Thermodynamics of the Ising model can be obtainethfr

F= —kgTIn[Tre P"]  for example st =#
\H; ,




Ising model in ID

DebPneh! BAH and K! BJ.The patition function is gien by

Z(h,K,N) ZehZ. 1S+HKiSS 11
{s}
can be calculated exaytl

Ising model in ID
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In the Dllowing,we will take a look at bounday conditionsthermodynamics
and corelations.




Ising model in I D: Periodic boundaries

Periodic bounday conditions ae debned ¥ Sn+1 =S

Ising model in ID with PBC

pAY VY
) }
We assume that theris no external peld (h=0)hen,we have
lnote lPBC
Zz=11 ..1 eK! 5\[:!115i5i+1+KsNS1

Y SN
We can sole this.Debneni =SS+ wherei =1,...,N! 1.Thenwe hae

= {+1 when $S+1
-1 when $=-S+1

Substitution to the partion function gies [Z = (2coshK)N + (2sinhK) N]




Ising model in I D: Free boundaries

Ising model in ID with free boundary conditions

1 2 3 N-1 N
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Again ve assume that theris no external beld (h=0)hen,we hae

Z=1 1 .. K e

S1 $2 SN

Using the same trarmfmation as befre,i.e.,Ni =SS+ wherei =1,...,N! 1

that is, 1 = dt1l when $=s+1
-1 when $=-S+1

we have

[Z: 2(2cosh K)™ 1]

We have the patition function nowv. Next, we talke a look at fee eneryg and
thermodynamics.




Ising model in | D: Free energy

Since ve have the patition function,we also hege the free enery

For PBC: thermodynamic limit

v
F = —kgTN {In(2cosh K) +In[1 + (tanh K)"]} — —NkgT In(2cosh K)

For free (or open) bounday conditions:
thermodynamic limit

In(cosh K) 3 —NkgT In(2cosh K)

F =—kgT'N In2+

The diference betveen bounday conditions becomes negligible
at the thermodynamic limit.

The more general wais do this with trangr matrixWorks also
for nonzeio beld.




Ising model in 1 D: Pair correlation function
The two-point spin-spin carlation function is debPned as
G(i,]) = (8 = () (5] = (5))) = (s5)) = (3)(8))

If the system is spatiglnomogeneous (has translationalanance)then
At T=0

!S" — ISJ"# !Sll
AboveTc.we hare !s"=0 # G(i,j) = ls;s;"

What does G(i,j) measure?

The probability 6r spins 1 and j to hae the same value is
Pij: !Ssisj"

1
= |§(1+ Cl,’Sj)"

1.1 ... y
:§+§[G(ls])+!si5j]

AboveTcwe hare P = %[1+ G(i,j)]




Pair correlation function

For a translationall invariant system e hae G(i,i+ j)= G(i+ j! 1) = G(i)

The result (homevork exercise see eg.Goldenéld) is G(i) = (tanh K)'

How about the other limit, T-> 0?

Then,obviousy G(i)=1.
This debnes pegtt long-range ater.

Definition for the correlation length: G(i) = e /5

For the 1D Ising model w hae ! = [In(cothK)]™*
AsT>0,  ~ e — oo

This is not a pwer lav but an essential singularity!
Definition, the correlation function exponent ' :
G(i)! i*
l

Now, G(i)=¢ ' =11 =t " constant

>€>€« |>>>->
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A = A-(N: V?T)

G =A<+ PV(P)

2D magnetization

A=A(N:M:T)

G =A—hM(h)




Phase equilibrium
Phase diagram of the Ising model at Pnite tempeeatur1):

coexistence line Coexistence in

H‘$$$$/ the Ising mode

disordered) T("‘ 1/J)

\ 22221 domaln vral
AN e

LM+ H=0




Landau theory of phase transitions




Overview
Introduction
Methods
Results
Recap

Next time

StatPhys. 16.4.-07
Intro to Landau

theory

Dr. Karttunen

Overview and new concepts

Description of a continuous phase transition
using a field, NOT microscopic properties of
particles.

Reminder: phase transitions

Change of a systemdim one phase (state) to

another at a miagte change in the external
physical conditions.

They are divided into two classes:

pressure

1) First-oder transitions
2) Continuous transitions

liquid

~ critical point
vapor

New:conceptsinanutshell

B Symmetry

B Order parameter
B Free energy expansion
B Spontaneous symmetry

breaking

B Rotational, translational, etc.

B Translational

W !Statistical" symmetry

Discrete
symmetry

temperature crossing lines: 1st order transitions

Continuous
symmetry




The Big Picture: usefulness of new concepts

Overview
Introduction
Methods
Results
Recap

Next time

StatPhys. 16.4.-07
Intro to Landau

theory

Dr. Karttunen

Applications of the theory:

Ferromagnets
Liquid crystal theory

Superconductivity

Superfluidity

Materials modeling, the
so-called phase field models

Landau-type approach is
extremely useful in modeling

Even biophysics: Lipid rafts

This stage:

Thermodynamics
Basics of phase transi
Ising model

The concept of free e

Thermodynamics

Ising model

B Thermodynamics

W Ising model
B The concept of free e

»

Basics of phase transitions

The concept of free energy

M Basics of phase transitions

erg)

ong

rg)




Digression: Lev Davidovich Landau

Lev Davidovich Landau, Jan. 22 1908 in Baku — Apr. 1 1968 Moscow
Nobel Prize 1962 for pioneering theories in condensed matter physics

¥ Graduated fom Leningrad Unarsity at the age of 19He
started at the age of 14RAfter graduating sm Leningrad he
spent time in Denmark with Boh€ollaborated and
interacted also with Paufierls andreller. For his travels he | "
got a Roclefeller fellowship! e

¥ His work covers basicall all of theoetical plysics fom
[Buids to quantum beld thear

¥ Was imprisoned p Stalin ér a year after being accused to
be a German spWas feed after Piotr Kaitza threatened
to stop his avn work unless Landau wasleased

¥ On Jan7 1962 he suéfred a major car accident and was
unable to contine his vork. For the same eason he was
not able to attend the Nobel Prize semonies.

More reading: Akhiezer Recollections of Lev Davidovich Land&hysics ®day 47, 35-42 (1994).
Ginzbug, Landau's attitude towards physics and physidptgsics dday 42, 54-61 (1989).
Khalatnikoy Reminiscences of Landa@hysics dday 42, 34-41 (1989).
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Landau and Lifshitz stad in 1930and the 10
volume series was completed in 1979 b
Lifshitz.Thg receied the 1962 Lenin Prizeif the
OCourse ofheoretical PlsicsO.




Landau’s revolutionary ideas

¥ Superfluidity: Landau consided the quantized states of the motic
of the whole liquid instead of single atomBhat was a evolutionary
iIdea and using it Landau was able to explain superf3uidity

¥ Superconductivity: Even bebre the BCS theoy, Ginzburg and
Landau suggested a phenomenological hebisupeconductivity base:
on Landau's earlier thegrof contiruous phase transitiond/hen it was
publishedthe GL theoty received only limited attentionThis changed
dramaticalf in 1959when L.RGorkov shaved rigorously that close to
Tc the GL theory and the BCS thegrbecome equivalenfturthermore,
two years bebre Gorkov,A.Abrikosov predicted the possibility of tav
different kinds of superonductors ly using the GL theoy!

¥ LandawsQheory of phase transitions.

¥ If we sum up the leading ideagwend up with tvo thingsthe
importance of symmetry and symmetry breaking, and the
existence of an order parameter.




Landau theory

The phenomenological Landau thgaf contiruous phase transitions &sses
the importance ofoverall general symmetry properties and anafticity
over microscopic details in determining the mascopic poperties of a systen

! Those generic mperties were also used in the supssnductivity
! and superf3uidity mblems!

The Landau theor is based on theoflowing assumptions:

11t is possible to debne ander parameter

2 It is possible to describe the system with adrenerg.

3.The free energ must be consistent with the high temperatur
symmety properties of the systemMathematicayl speaking,
the Hamiltonian mist comnute with the symmety group of the
high temperatue phase (notedisciete & contiruous).

4.The free energ must be anaftic. In adlition,the expansion
coefpcients mst be regular functions of the temperateir




Symmetry

1t is possible to debne ander parameter

2 It is possible to describe the system with adrenerg.
3.The free energ must be consistent with the high temperagusymmety properties of the system.
4.The free energ must be anaftic. In adlition,the expansion coefPcientsust be iegular functions of

the temperatue.

The order parameter characterizes the system the
following wy:

l'¥=0in the disodered state (abweT.), !
| iIssmall and finite in the ordered state (T<Ty).




Order parameters

system order parameter
liquid-gas density
ferromagnetic magnetization

supeconducting

condensate wa function

liquid crystal

degee of molecular alignemnt

binary mixture (methanol-n-hexane)

concentration of either substance

helix-coll number of helix base pairs
XY-model magnetization (Mx,My)
BaTiGs polarization
crystal density wae
liquid crystal director




Symmetry

11t is possible to debne ander parameter

2 It is possible to describe the system with adrenerg.

3.The free energ must be consistent with the high temperasusymmety properties of the system.
4.The free energ must be anaftic. In adlition,the expansion coefbcientsust be regular functions o

the temperatue.

Close toT. the free enery can be expanded in pers of the oder parameter

free enery order parametemust be small
F(1)= # ap! ™

n=OT

expansion coefbcientseaphenomenological
parameters that depend ohand micpscopics

Order parameter mst be smalldr the expansion to coverge




